This paper presents an effective analysis approach for a flexible rotor in ball bearings with nonlinear stiffness characteristics to obtain realistic dynamic behavior results. The ball bearing is modeled in five degrees of freedom and the nonlinear stiffness characteristics of the bearing are completely described as functions of combined loads and spin speed. For dynamic behavior analysis of the nonlinear rotor-bearing system, a transfer-matrix method is iteratively used until the bearing displacements and the shaft displacements at every bearing location converge to the same values. The results show that the nonlinear stiffness characteristics of ball bearings significantly influence system dynamic behaviors and the proposed analysis approach for the nonlinear rotor-bearing system is effective.
INTRODUCTION
High-Speed rotating machinery with ball bearings, such as aircraft engines and small capacity gas turbines, has been widely used because of easy maintenance, little rotordynamic instability, and low cost.
Many authors have shown that a large number of parameters, which include system geometry, disk properties, stiffness distribution of a rotating shaft, and bearing stiffnesses can influence the dynamic behavior of a rotor-bearing system. Amongst them, the ball bearing stiffnesses in particular possess nonlinear characteristics which vary with applied loads and spin speed (Harris 1991 ]). Recently, many researchers have studied on the analysis of a rotor-bearing system for design and diagnosis. However, their analysis results are difficult to apply because they usually considered the bearing stiffness in radial direction only and disregarded bearing stiffness variation with spin speed and applied loads.
The objective of this study is to propose an effective way of handling the nonlinear stiffness characteristics of ball bearings in the context of the system dynamic behavior analysis to obtain realistic results. Two major components necessary to achieve the objective are a ball bearing stiffnesses analyzer and a system dynamic behavior analyzer.
For the analysis of ball bearing stiffnesses, while [1979] calculated radial stiffness by using finite approximation, Gargiulo [1980] For the dynamic behavior analysis of a nonlinear rotor-bearing system, a transfer-matrix method (Murphy and Vance [19831; Rao [1983] ; Vance [19881) and the proposed bearing analysis scheme are directly integrated and iteratively used until the bearing displacements and the shaft displacements converge to the same values within a specified tolerance at every bearing location.
The next section presents an analysis scheme for obtaining complete nonlinear ball bearing stiffnesses. The numerical procedure for the dynamic behavior analysis of a nonlinear rotor-bearing system is described in section 3. In section 4, numerical results are presented to illustrate the nonlinear stiffness characteristics of a high speed ball bearing, the effect of the nonlinear characteristics on the dynamic behavior of a rotor-bearing system, and the usefulness of the proposed analysis approach for a flexible rotor in ball bearings. Finally, concluding remarks are mentioned.
BALL BEARING ANALYSIS
The relationship between the bearing loads F {F Fy, Fz, My, Mz} T and the bearing displacements bT g) {g), g,),, g), 0,),, 0=}, as shown in Figure 1 , has to be determined for ball bearing analysis. In this study, an iterative bearing analysis algorithm based on Jones' theory [1960] is devised and used to calculate a complete stiffness matrix, and a brief flow chart of the algorithm is shown in Figure 2 .
As shown in Figure 2 , the input data such as bearing geometry, material, applied loads, and spin speed are specified, and the values of bearing displacements and inner-and outer-raceway contact angles at every ball location (or,.( and ot(Z:.) Figure 3 . The dynamic behavior of the system is nonlinear since bearing stiffnesses vary with spin speed, applied preload, and transmitted loads due to unbalance. For the analysis of the nonlinear rotor-bearing system, an overall procedure is shown in Figure 4 . As shown in Figure 4 , bearing and rotor data are specified and a spin speed is given at first. Bearing loads (_FI',), which include an applied preload and loads transmitted from the rotor, and bearing displacements (_8,/',) are also initially assumed at every bearing location. Having the assumed bearing loads (F,,, _,,) , and the above process is repeated until convergence. Finally, using the bearing stiffnesses (k,,, n m) converged, the eigenvalues of the system at the given spin speed are computed in the eigenvalue analysis module. In this study, the scheme described in the previous section is used for ball bearing analysis and a transfer matrix method (Murphy and Vance [1983] ; Rao [1983] ; Vance [1988] ) for the eigenvalue and unbalance response analyses.
For the dynamic behavior analysis of a nonlinear rotor-bearing system in a range of spin speeds, the above procedure can be repeatedly used to sweep the range.
NUMERICAL RESULTS
To evaluate the usefulness of the suggested dynamic analysis approach for a nonlinear rotor-bearing sys- 
Ball Bearing Stiffness Analysis
The specifications of the angular contact ball bearing used in this study are listed in Table I . To investigate the effects of spin speed and loads on bearing stiffnesses, we simulated the variation of bearing stiff- can be seen in Figure 5 , the effect of spin speed on bearing stiffnesses is significant and the stiffness characteristic is anisotropic due to the force in the z direction and the moment in the y direction. The discrepancy between the results analyzed by the two schemes increases as spin speed increases, because the proposed iterative scheme well considers the effects of centrifugal force and gyroscopic moment of each ball element on bearing stiffness characteristics.
Dynamic Behavior Analysis of a Nonlinear
Rotor-Bearing System
In this study, the ball bearing analysis module, the system unbalance response analysis module, and the system eigenvalue analysis module are directly integrated and applied to the dynamic behavior analysis of a multi-stepped rotor which is supported by two angular contact ball bearings as shown in Figure 6 . The shaft with varying cross-sectional area is divided into 18 elements and the bearings of Figure 7 and Figure 8, Figure 7 and Figure 8 shows that the discrepancies of the first and the second critical speeds of two results are 14% and 10%, respectively. Figure 9 shows that the whirl orbit results with nonlinear bearing stiffnesses at 19000 rpm, 22000 rpm, and 24400 rpm are circular. This implies that the isotropic characteristics of the bearings are hardly affected since the forces and moments transmitted by the unbalance are not noticeable compared with the applied preload.
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